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Mean curvature flow and Riemannian submersions 


G. PiPOLI 


Abstract: We give a sufficient condition ensuring that the mean curvature flow commutes with 
a Riemannian submersion and we use this result to create new examples of evolution by mean 
curvature flow. In particular we consider evolution of pinched submanifolds of the sphere, of the 
complex projective space, of the Heisenberg group and of the tangent sphere bundle equipped 
with the Sasaki metric. 
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1 Introduction 


Let Fq : Ai (A4,g) be a smooth immersion of a m-dimensional manifold into a 
Riemannian manifold M of dimension m + k, called ambient space. We denote by A 
the second fundamental form and by H the mean curvature vector associated with the 
immersion. The evolution of AIq = Fo{AA.) by mean curvature flow is the one-parameter 
family of immersions F : Ai x [0,Tmax[—t Ai satisfying 

I t)=H, p G A4, t > 0, 

1 e(-,o) = Fo. 

It is well known that if Ai.^ is closed, then this problem has a uniquely defined smooth 
solution up to some maximal time Tmax < oo. Very often we identify the immersion F{.,t) 
with the immersed submanifold Ait = F{Ai,t)- 

Let (Ai, Qm) and (B, qb) two Riemannian manifolds of dimension m and b respectively. 
A Riemannian submersion is a smooth map ir Ai B satisfying the following axioms 
Rl and S2. 

51) TT has maximal rank; 

For every p E Ai, vr“^(p) is a submanifold of Ai called fiber over p. A vector held on Ai 
is called vertical if it is always tangent to hbers, horizontal if always orthogonal to hbers. 
The second axiom is 

52) for every X, Y horizontal vectors we have 

gM(X, Y) = gB(T^*X, w^Y) o vr. 
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M is called total space of the submersion and jB is called base. Axiom SI implies that 
m > b and so the dimension of the hbers is rh = m — b. Axiom S2 says that vr preserves 
lengths of horizontal vectors. 

The hrs theorem proved in this paper explore the symmetries of the mean curvature 
flow and gives a sufficient condition ensuring that this flow commutes with a submersion. 
We consider submersions dehned by the action of a group of isometries. Let G be a Lie 
group acting as isometries of a Riemannian manifold (M, gj^). Suppose that the quotient 
space, obtained identifying the points of a orbit of the action of G, is a smooth manifold 
B = M.IG and consider the induced metric on it. The natural projection tt : M B 
is a Riemannian submersion with hbers the orbits of G. If the action of G is free we 
have the well-known principal bundles. In this case the hbers of vr are isometric to the 
group G. The best known examples of such submersions are probably the Hopf hbrations: 
TTi : —)■ CP" and 712 : —)■ HP". 

Lifting a submanifold of B we have a G-invariant submanifold of M, vice versa pro¬ 
jecting a G-invariant submanifold of A4 we get a submanifold of B. We want to study 
how the mean curvature how is related to a submersion. 

Theorem 1.1 Let 7r:M—>B = j\4/Gbea Riemannian submersion. Ifn has closed and 
minimal fibers then the mean curvature flow of any closed submanifold commutes with the 
submersion. More precisely let Mq is a G-invariant submanifold of Ai and Bq = 7r(Alo) 
then the mean curvature flow of Aio and Bq are defined up to the same maximal time 
Traax and 7r(Mt) = Bt for any time 0 < f < T^ax- 

Note that closedness of hbers and of the initial immersions guarantees the uniqueness 
of the solution of mean curvature how of the submanifold Bq and its lift. The mean 
curvature how in manifolds with symmetries was studied by several authors, for example 
Pacini in [Pa] considered the evolution of the orbits of a group of isometries. The proof 
of Theorem 1.1 is based on the fundamental equations for submersions which are derived 
in the classical paper by O’Neill [Oj. Although similar computations already appear in 
the previous literature on geometric hows, see in particular the paper [Sm], it seems to 
us that this result was never explicitly observed before. The main part of this paper is 
devoted to the applications to specihc examples, where we obtain new convergence results 
for the mean curvature how by lifting to the ambient space the known theorems for the 
base manifold. 

For example consider the main theorems of [PS]: they concern evolution by mean 
curvature how of pinched submanifolds of CP" and pinched hypersurfaces of HP". Lifting 
this result with Theorem 1.1 applied to the Hopf hbrations we have the following new 
examples of evolution of pinched hypersurfaces of the sphere. 

Proposition 1.2 Let Mq be a closed E>^-invariant hypersurface o/S^"’''^(c), the sphere of 
constant sectional curvature c > 0 with n>3. //Ado satisfies 

( 1 - 2 ) 

then the mean curvature flow of Ado develops a singularity in finite time and converges 
to a therefore such an Ado is diffeomorphic to a x 
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The pinching inequality (1-2) is weaker than the one found by Huisken in [H2], but 
we have the further assumption about the §^-invariance. In fact we do not hnd any of 
the two possibilities described by Huisken, i.e. the convergence to a round point in hnite 
time or the convergence to a totally geodesic submanifold in inhnite time. Moreover the 
pinching condition (1.2) is the same studied by Nguyen in [Ng]. We reached a similar 
result: a cylindrical singularity, but in our case we have a more complete result, in fact 
we found the global behavior of the evolution and not only around a singularity. 

Another result of the same kind is the following. 

Proposition 1.3 Let M.q he a closed -invariant hypersurface of , with n>3. 

If Aio satisfies 

then the mean curvature flow of Mo develops a singularity in finite time and converges 
to a then such an Mo is diffeomorphic to a x 

Note that is a subgroup of then if a submanifold of §^"■+3 is S^-invariant, we can 
project it both to and HP”. Putting together Propositions 1.2 and 1.3 we have a 

negative result. 

Corollary 1.4 There are no closed -invariant hypersurfaces such that 

|A|' <^\H\^ + Ac. 

An 

The paper is organized as follows. In section 2 we recall some notation and preliminary 
results, in particular we compute the relationships between the second fundamental forms 
of a submanifold and its lift through a Riemannian submersion. In Section 3 hrst we show 
that the invariance of a submanifold respect to a group of isometries of the ambient mani¬ 
fold is preserved by the mean curvature flow, then Theorem 1.1 is proved. In Section 4 we 
have the applications of Theorem 1.1. Propositions 1.2 and 1.3 just discussed are proved 
in a more general setting: we deform the metric of the sphere using the canonical varia¬ 
tions of the Hopf hbrations. After that some other examples are described. Proposition 
4.2 concerns §^-invariant pinched submanifolds of higher codimension of the sphere: we 
found the alternative between the convergence in hnite time to a and the convergence 
in inhnite time to a totally geodesic submanifold, that is a for some m. This result 
extends the one of Baker [Ba]. Proposition 4.4 is about pinched hypersurfaces of the 
complex projective space. The ambient space is the Heisenberg group in Propositions 4.5 
and 4.6. Finally in Proposition 4.8 we study submanifolds of the tangent sphere bundle 
of the round spere equipped with the Sasaki metric and prove the alternative between the 
convergence in hnite time to an orbit and the convergence in inhnite time to a minimal, 
but not totally geodesic, limit. 
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2 Preliminaries 


In this section we recall some basic notions and fix some notations used through all this 
paper. Consider F : M. ^ (A4,g) a smooth immersion of an m—dimensional differential 
manifold A4 into a Riemannian manifold A4 of dimension m + k. Unless told otherwise, 
geometric quantities of the submanifolds are indicated in the usual way, while for the 
ambient manifold we use a line over the common symbol. Moreover Latin letters i, j, /c,... 
are related to the tangent space to Ai at x, and Greek letters a,/3,7,... to the 

normal space N^Ai. Fix (xi, • • • ,Xn) a local coordinate system around a point x G At. 
The local expression of g is 

. _ fdF OF 

Let V be the Levi-Civita connection of {Ai,g). The second fundamental form A of the 
immersion F is defined for every X, Y tangent vectors of Ai by 

A{X,Y) = {VxY)^, 

where T denote the component normal to Ai. 

Let (^ 1 ,... ,fk) be an orthonormal frame of N^Ai, the second fundamental form can 
be written 

where the h" = (h" ) are symmetric (0, 2)-tensors. Here and in the following, if there 
are no explicit signs of sum, we use Einstein notation, that is we sum over repeated 
indices. The metric induces a natural isomorphism between tangent and cotangent space. 
In coordinates, this is expressed in terms of raising/lowering indexes by means of the 
matrices gij and g'^A where g'^^ is the inverse of gtj. The scalar product on the tangent 
space extends to any tensor bundle, by contracting any pair of lower and upper indices 
with gij and g'^^ respectively. This also allows to define the norm of any tensor T. A 
function that we use very often is the norm of the second fundamental form 

a 

The trace respect to the metric g of the second fundamental form is the mean curvature 
vector H : 

H = trA = trh^Ca = g^AfjCa- 

It is independent of the orientation and it is well defined globally even if Ai is non- 
orientable. Note that some authors defines the mean curvature as the trace of A over m, 
of course this makes no substantial difference in the analysis. 

What follows is taken from the classical O’Neill’s paper [O], many other interesting 
results about Riemannian submersions can be found in chapter 9 of [Be] and in the 
extensive monograph [FlPj. Let tt : (Ai, gM) (B,gj 3 ) be a Riemannian submersion. If 
not specified otherwise, we use the same symbols for geometric quantities of Ai and B. It 
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will be clear from the context in which manifold we are. The same quantities of the hbers 
are distinguished by the superscript The vertical distribution 'V is the distribution 
of vertical vector fields, that is = kerTr*. Its orthogonal complement respect to 
is the horizontal distribution M’ . We denote with the same symbols M’ and 'Y the 
projections of the tangent space of M. to the subspaces of horizontal and vertical vectors, 
respectively. Then every X tangent to M. can be decomposed in an unique way in the 
sum of a horizontal and a vertical vectors: 

X = M’x + rx. 

An horizontal vector held X' is called basic if there exists a vector helds X on B such 
that 7r*X' = X, in this case X and X' are said to be tt- related. There is an one-to-one 
correspondence between basic vector helds on Xi and arbitrary vector helds on B: every 
basic vector held gives a vector held on B by dehnition, while every X tangent to B has 
an unique horizontal lift X"^ to Xi characterized by = X. Submersions are ruled 

by two tensors. For every X and Y tangent to Xi we dehne 

TxY = JYXyx{yY) + yXrx{XYYy, 

AxY = rVjrx(jrY)+jYV^xCrY). 

Note that if X and Y are tangent to hbers, i.e. vertical, then 7xY = A(X, Y) the second 
fundamental form of the hbers as submanifolds of Xd. We have that T = 0 if and only if 
each hber is totally geodesic, while ^ = 0 if and only if JY is integrable. 

Since we deal with the mean curvature how we want to understand how a submanifold 
of B is related to its lift to Ad: let vr : (Xd, gjj) —> (B, g^) a Riemannian submersion, and 
F : B ^ B nn immersion. 7 r~^{F{B)) is a submanifold of Xi of the same codimension of 
F{B). Formally there is a manifold Xd, an immersion F' : Xd ^ Xd and a submersion 
that we indicate again with tt, such that the following diagrams commutes: 

M AA B 
F't tF 
Xd AA B 

We want to understand the link between A, the second fundamental form of F, and 
A', the second fundamental form of F'. The main tool is the following O’Neill’s formulas. 


Lemma 2.1 [O] For every tangent vector fields on B X and Y we have 

1) [X,Y]’^ = JY[X-^,Y-^]; 

2 ) (VxR)^ = 

Lemma 2.2 [O] Let X and Y be horizontal vector fields and V and W vertical vector 
fields. Then 

1) VvW = TvW + VvW; 
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2) VvX = J^VyX + TvX; 

3) VxV = AxV + rVxV; 

4) VxY = J^VxY + AxY. 

Note that, by construction, Ai = F\M.) is tangent to the hbers, then any vector 
normal to A4. is necessarily horizontal. From Lemma 2.1 and Gauss equation we have 
that for any X and Y tangent to Ai 

Vx^Y-^ = Aif x^Y-^) + y (y x^Y-^) 

= yxY)-^ + y{Xx^Yy _ ( 2 . 1 ) 

= yxY)-^ + {A{Xy))^ + y{Vx^Yy. 

By definition A'{X'^,Y'^) = {V x-^Y^^ (the component normal to Ai), then it is 
an horizontal vector field. By (2.1) we have 

= (^yxY)^y + (^{A{X,Y))’^y . 

The vector held (Vxh") is the lift of a vector held tangent to B, then it is tangent to 
A4. In the same way {A{X, Y)) is normal to Ai. Hence we have 

A'{X-^, yjT) ^ Y))-^ . (2.2) 

Now consider two vertical vector helds V and W. They are tangent to Ai by con¬ 
struction. A'iy, W) is normal to Ai then it is a horizontal vector held. By Lemma 2.2 
we have 

A'{V, W) = (VvW)^ = (aYVvW)^ = iTvW)^ = {Ay Wy. (2.3) 

Lemma 2.2 does not say anything about the mixed terms A'{X, V) with X horizontal and 
V vertical: they strongly depend on the specihc submersion considered as we will see in 
the examples of section 4. 

Notation 2.3 For any submersion vr considered below (Xi,...,Xm) denote a local or¬ 
thonormal frame tangent to a submanifold of the base space around a point p and (Hi,..., Hn) 
is a local orthonormal set of vertical vector fields. Then around any point q of the fiber 
n~^{p) we use the orthonormal basis {Xf^, ..., X^, Vi,... Hh) tangent to the lift of the 
submanifold. Moreover {^i., ■ ■ ■ Ak) is a local orthonormal frame normal to a submani¬ 
fold of the base, then {if ^,..., if) is a local orthonormal frame normal to the lift of the 
submanifold considered. 


Summarizing what we found we have 

A' = 



mixed terms 

mixed terms 



where hij = A(Xi,Xj) and hij = A(Vi,Vj). 


(2.4) 
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Starting from a fixed Riemannian submersion vr : (M,gM) there is a stan¬ 

dard way to deform the metric qm to obtain again a Riemannian submersion. The canon¬ 
ical variation of is the family of metrics {5 'a}a>o 

gx{U,V) = XgM{U,V) if U,Vey, 
g^{X,Y) = gM{U,V) if X, R G 
g^{U, x) = o a U eX, X e JY’. 

Obviously gi = g^- For any A > 0, g^A makes vr a Riemannian submersion with the 
same horizontal and vertical distributions and the same hbers. Let be the Levi-Civita 
connection of the metric gx. A straightforward computation gives: 

r {vfjV) ^ r (vi,v), jr(v^v') = 

= vit;, = %x, = v.Vy, ' 

for every U,V E X and X,Y G JY'. It follows that tt : {Xi^gM = gi) {B,gis) 
has minimal (resp. totally geodesic) hbers if and only if vr : (X4,gx) —>■ (jtS,gis) has 
minimal (resp. totally geodesic) hbers for every A > 0. Moreover let {Vi,... VA) is a 
local 5 f;n-orthonormal set of vertical vectors, then for any A > 0 (A“ 2 fA^... A^ap^) is 
(^A-orthonormal. Using (2.5) is easy to see that, respect to this basis, the equation (2.4) 
becomes 


^A = 


h-if 

A 2 mixed terms 

\~2 mixed terms 

hi, 


( 2 . 6 ) 


3 Symmetries of the mean curvature flow 

In this section we prove Theorem 1.1. 

Lemma 3.1 Let Fq : Xi ^ Xi be a closed immersion and ip an isometry of Xi, then (p 
commutes with the mean curvature flow. Formally if Gq = ip o Fq and Ft and Gt are the 
evolutions of Fq and Gq respectively, we have that Gt = ip o Ft for any time t that the flow 
is defined. 

Proof. Since ip is an isometry we have 

^{ipo Ft){p,t) = ip^H^{p,t) = H‘^°^{p,t), 

where Fl"^ is the mean curvature vector of for any immersion if. Then (poT) is a solution 
of the mean curvature how of initial data ipo Fq = Gq. For the uniqueness of the solution 
we have the thesis. □ 


It follows immediately that 

Corollary 3.2 Let Fq and ip like in the statement of Lemma 3.1 and G a group of isome¬ 
tries of Xi. We have 
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1 ) if Fq is (f-invariant, then Ft is (f-invariant for any t, 

2) if Fq is G-invariant then Ft is G-invariant for every time t. 


Proof of Theorem 1.1. Let Fq : B B and Fq : Ai ^ Ai two immersions for Bq and 
AiQ respectively. By hypothesis we have that Fq is G-invariant and vr o Fq = Fq o vr. The 
crucial point is that, since the hbers are minimal, we have that H' is basic and is tt- related 
with F, where H is the mean curvature vector of any submanifold of B and H' is the 
mean curvature vector of its lift to In fact H' is horizontal because it is normal to 
Ai. Using the notation of (2.4) we have 


H' = trA' 


,Xf) + Y.^'(Vt,Vt) 

i i 

+ ^A{V„V,)^ 

i i 




If the hbers are minimal we get H' = that is FI' and F are vr-related. In particular 
7r*F' = F holds. Now let Ft the evolution of Fq, F^ the lift of Ft, F/ the evolution of Fg 
and Ft the projection of F/ and F, F', H' and F the respective mean curvature vectors. 
By construction we have that for any t 


TT O Ft = Ft O TT, 


(3.1) 


and F/ is G-invariant. Then in particular H' is horizontal. Differentiating (3.1) we have 







{Ft o tt) 


F = tt.F'. 


Then —F/ = F' -|- U' for some vertical vector held V. Since F! is G-invariant, V is 
dt 

tangent to F/(A4'). Therefore 



This means that, up to a tangential diheomorphism, F^' is the solution of the mean 
curvature how of initial data Fg. Then F^{Ai) = F^{Ai) for every time t. Vice versa 


dt 





Corollary 3.2 says that F/ is G-invariant as its initial data Fg, then 7r*F' = F. Then Ft 
is the evolution of initial data Fq, that is Ft{B) = Ft{B) for any time t. □ 


Remark 3.3 If fibers are not closed we do not know if the solution of the mean curvature 
flow of the lift is unique, but if they are minimal, the same proof given for Theorem 1.1 
shows that the lift of the mean curvature flow is, in any case, a G-invariant solution of the 
mean curvature flow. In the same way the projection of a G-invariant solution is again 
an evolution by mean curvature. Then if the projection of the initial data Mq is a closed 
submanifold Bq then there exists only one G-invariant solution of initial data M.^. 

4 Examples and applications 

One of the best known examples of submersions is the family of the Hopf hbrations. 
Let IK be one of the held C or the associative algebra H and a be the real dimen¬ 
sion of IK. We denote with S"'(c) the n-dimensional sphere with the canonical met¬ 
ric of constant curvature c > 0. The action T : x —)■ 

(A, z) e->■ Az is by isometries which acts transitively on the hber. The Hopf hbrations are 
TT : — )■ IKP"' = z I—)■ [z], where [z] is the class of z under the 

action T. The Riemannian metric that we consider on IKP" is the one induced from the 
metric of such that vr becomes a Riemannian submersion. For IK = C it is the 

well-known Fubini-Study metric. 

Let us consider hrst the Hopf hbration tt : —)■ CP". In this case V = Ju is 

the vertical unit vector held, where J is the complex structure of and u is the 

outward normal unit vector held of the sphere as submanifold of = C"’*'^. Let Bq 

a submanifold of CP" of dimension m and codimension k and M.q its lift to The 

hbers are geodesics, hence of course minimal. For every i is tangent to the 

sphere and horizontal. Dehne = —Ui -\- Ni where Ui is the component tangent to 

A4o, while W is normal. We want to explicit the mixed terms in (2.4) for this submersion. 
As shown in [O] for every horizontal lift we have 

Ax^v = j{xy^, 

If X is tangent to Bq then A'^X"^, V) is an horizontal vector held then, by Lemma 2.2 
and some trivial computation 

A\X^,V) = Y.g{X^,U,)ff. 

i 

Moreover since the hbers are geodesic curves, A'{y,V) = 0, together to (2.2) that holds 
in general we have 

i 

The canonical variation of the Hopf hbration gives a family {^a}a>o metrics on 
g 2 n+i_ j^^egpgct to this metric, a unit vertical vector held is VA = then with the 

same computation seen above we have that 

|Af = |A|' + 2A-5^|17,^ 
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Then, for any A > 0 

|Al|^ < |Alf < |Al|^ + 2X-'2codMo = |A|^ + 2X--2codBQ 

holds. Obviously since H' and H are 7 r-related we have that \H'\^ = \H\^ in any case. 

In the same way we can study Hopf hbration tt : §‘^"■+3 —HP"'. The hbers are 
which are totally geodesic. Let Ji, J 2 and J 3 the complex structures of H"+^ given by the 
multiplication of the quaternionic imaginary units. Then {Vi = Jiu, V 2 = J 2 V 1 V 3 = J^v) 
is an orthonormal basis of Y. Following the same notations and the same computations 
of the previous case we dehne for every i and a dehne Jaif = —Uia + Nia where Uia is 
tangent to while Nia is normal. Moreover 

and for every a and (3 

A'(V^,Vjs) 

Then we get 

lAf = |yl|" + 2 It/f p = I+ 2 |C/i„r 

i,a i,a 

The canonical variation of this Hopf hbration gives a second family {^a}a>o metric on 
g 4 n+ 3 _ Liijg^igg to the previous case we have 

\A'f = \Af + 2X-"2j2\Uiaf- 

i^OL 

Then for every A > 0 

1 ^ 1 ^ < 1 ^ 1 ^ < 1 ^ 1 ^ + QX~^codXio = \Af + 6X~^codBo. 

As application of Theorem 1.1 we have the following results: as particular case, for 
A = 1, we have Proposition 1.2 

Proposition 4.1 Let Xio he a closed -invariant hypersurface 0 /( 8 ^"’'"^, ^a); withn > 3. 
If Xio satisfies 

|4f < |fff + 2 + 2A-i, (4.1) 

then the mean curvature flow of Xio develops a singularity in finite time and converges 
to a then such an Xio is diffeomorphic to a'Ef x 


= '£rj(X’^,uS)if, 

i 

= 0. 


Proof. Since Xio is invariant we can project it with the Hopf hbration to an 
hypersurface Bo of CP". For hypersurfaces we have necessarily |A'|^ = |A|^ + 2 A“ 2 . Then 
Bo satishes 




1 

2 n — 2 


Hf + 2 
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By Theorem 1.1 of [PS] the evolution of jBq converges in hnite time to a round point p. 
By Theorem 1.1 we have that the evolution of Mq convergences in finite time to the lift 
of this point, that is a fiber. □ 


For higher codimension we have the following result. 


Proposition 4.2 Consider Aio a closed -invariant submanifold of of di¬ 

mension m and codimension 2 < k < satisfying the pinching condition 




1 


m — 2 


\H\^ + 


m — A — Ak 
m — 1 


(4.2) 


Then either 

1 ) the evolution of Aio converges in finite time to a 


or 


2 ) the evolution of Aio is defined for any time 0 < t < oo and converges to a smooth 
totally geodesic submanifold, that is an 

If k is odd only case 1) can occur. 


Proof. The proof is the same of the previous Proposition; it follows again from Theorem 
1.1 of [PS] and Theorem 1.1: using inequality \Af < \A'\^ we have that Bq = 7i{Aio) 
satisfies the same pinching inequality (4.2) and the thesis follows since 

^-1 j ^ g2n-fc+l 

□ 


This time let us consider the canonical deformation of the Hopf fibration vr : §'^”+3 
HP", for A = 1 we have Proposition 1.3. 

Proposition 4.3 Let Aio be a closed -invariant hypersurface of , gx), withn > 3. 
If Aio satisfies 

|/lf < + 2 + 6\-C 

An-2 

then the mean curvature flow of Aio develops a singularity in finite time and converges 
to a then such an Aio is diffeomorphic to a x 

Proof. For hypersurfaces we have \A'f‘ = 1^41^ + 6A“T then Bo = 7r(A4o) satisfies 1^41^ < 
-^Z 2 l-^l^ + 2, then by Theorem 7.1 of [PS] the evolution of Bo shrinks to a round point 
in hnite time. The thesis follows as in the previous Propositions. □ 


A further example is given by the submersion p : CP^"'*'^ —?■ HP" described in [E2]: it 
is the submersion that makes commutative the following diagrams 


g4n+3 


(j-p2n+l 


7^2 \ v/ P 

HP" 
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(4.3) 







where tti and 1^2 are the usual Hopf hbrations. The hbers of p are = S^(4) and hence 
they are totally geodesic. Lifting an hypersurface of to an hypersurface of 
via p we have that \A'^ = 1^41^ + 4. In the same way of the previous propositions we can 
prove the following result. 


Proposition 4.4 Let Mq be a closed -invariant hypersurface o/CP^"’*'^. If Aio sat¬ 
isfies 




1 

4n — 2 


Hf + 6, 


then the mean curvature flow of A4o develops a singularity in finite time and converges 
to a fiber CP^, then such an M.q is diffeomorphic to a x 


The examples seen before are all principal bundles with compact hbers. An interesting 
case with non-compact hbers comes from the Heisenberg group (not to be confused 
with the algebra of quaternions!). The Heisenberg group is the Lie group X R endowed 
with the following product: 

(x, y, z){x', y', z) = {x + x',y + y\ z + z' + ((x, y') - {y, x'))^ , 

where x, x', y, y' G R"", 2;, 2;' G R and (•, •) is the Euclidean scalar product of R"". Respect to 
the coordinates (x, y,z) = (xi,..., Xn-, 2/1,..., Pn, z) we dehne the following left invariant 
vector helds on 

^ dxj 2 ^^dz ’ ^ dpj ^ 2 ^^dz' dz' 

Declaring orthonormal the basis {Xj,Yj, V). we have a left-invariant metric g on H”. On 
C"’ consider the Euclidean metric, then 

TT : (x, y, 2;) G H" (x + iy) G C” 

is a Riemannian submersion. The hbers are the vertical line: 


TT \xo + iyo) = {{xo,yo,t)\t eR} . 

Moreover Y = span {V) and JY’ = span {Xj, The structural group is the group 

of vertical translations, that is the multiplication by a point of the type (0,0, t). It is a 
group of isometries and it is isomorphic to (R, -|-). The Levi-Civita connection associated 
to g’ is determined by 

= ir, 

wy = wy = -ir,. 

VyV = VvY, = lx, 

and zero for all others pairs of vector of the basis {Xj,Yj,V)j^^ A proof can be 
found in [Ma]. In particular VyR vanishes, hence the hber of vr are geodesics. On the 
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horizontal distribution we have a complex structure J defined on the vector of the 
basis by JXj = Yj and JYj = —Xj for all j. Then more succinctly, for any horizontal 
vector field Z on H” we have 


Vzl/ = XvZ = -JZ. (4.4) 

Now consider Bq a submanifold of the Euclidean space C"' of dimension m and codimension 
k. Its lift via vr is a submanifold A4o invariant respect to vertical translations. Using 
notation 2, by (4.4) and some trivial computation we have: 

A'(xf,V) = = 

0=1 a=l 

where J in the last term is the usual complex structure of C". This result is very similar 
to what we have for Hopf fibration. It follows that 

\Af = \Af + IYXY • 

a=l 


then 

lAl" < |/lf < |/1|= + |, (4.5) 

with |g4'|^ = \A'f if and only if for every a J^a is normal to that is Bq is a complex 
submanifold of C"", while \A’\^ = \A\^ + | if and only if for every a J^n+a is tangent to Bq^ 
that is Bq is CR-submanifold of C” of CR-dimension m — k. In the first case, in particular, 
Bq is a minimal submanifold. The classical Huisken’s result [HI] about evolution of convex 
hypersurfaces of the Euclidean space gives the following result for hypersurfaces of the 
Heisenberg group. 

Proposition 4.5 Let A4.q an hypersurface of IP. If JHq is a cylinder with vertical axis, 
without boundary and its projection via n is a convex hypersurface then there is an 

unique solution of the mean curvature flow of AA.q invariant respect to vertical translations. 
Moreover this solution develops a singularity in finite time and converges to a vertical line. 
Then such an Mq is diffeomorphic to a cylinder x M. 

Proof. Such an A4o is invariant respect to vertical translation, the fiber of tt are not closed 
so we can apply Theorem 1.1 in the sense of remark 3.3. Let Bq = 7r(A4o). By the main 
result of [HI], Bq shrinks to a round point in finite time. The thesis follows lifting this 
result to A4o. □ 

Using the main theorem of [AB], we have the following result for submanifolds of 
arbitrary codimension in the Heisenberg group. 
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Proposition 4.6 Let A4 q a cylinder with vertical axis o/H” of dimension m > 3, with¬ 
out boundary and whose horizontal section is a closed submanifold. If Aio has H ^ 0 
everywhere and satisfies \ Af < c\Hf with 


c < 


4 

3(m—1) 
m—2 


if 3 < m < 5, 
if m > 5, 


then the mean curvature flow of initial data Aio has an unique ^.-invariant solution and 
this solution converges in finite time to a vertical line. Hence such an Aio is diffeomorphic 
to a cylinder x M. 


Proof. We have that Bo = 7r(Wlo) is a closed submanifold of of dimension m — 1. By 
(4.5), Bo satisfies 

|4l|^ < |4lf <c\H’\^ = c\H\^ . 

The main result of [AB] says that the evolution by mean curvature of Bo shrinks to a point 
in hnite time. We can apply Theorem 1.1 to the unique R-invariant solution obtaining 
the convergence of Aio to a fiber of vr, that is to a vertical line of H”. □ 


Another interesting submersion is the one that arise with the tangent sphere bundle of 
a Riemannian manifold equipped with the Sasaki metric. For any Riemannian manifold 


(;B, g) let TB its tangent bundle and for any r > 0 let T^'B = 
the tangent sphere bundle of radius r. The natural projection 


u) e TB 




= r ^ be 


TT : (p, u) G T''B ^ p E B 

is a submersion. In this special case, for any X vector held on B we can dehne also a lift 
G A called tangent lift', see [KS] for an exhaustive description. The Sasaki metric is 
a natural metric g on TB, restricted to T^B has the following form: 

= SAX.Y), 

= UX,Y)-Iux,VSAY,V, (4-6) 

Sm{X^,Y'^) = 0 , 

for any X and Y tangent to B. With this metric the projection vr : T^B -E B is a 
Riemannian submersion with hbers vr“^(p) = T^B, the sphere of radius r tangent to B in 
p. The horizontal distribution of vr is generated by the horizontal lifts and the vertical 
distribution is generated by the tangential lifts. The group of isometries that we are 
considering acts only on the vectorial part as an isometry of T^B and is isomorphic to 
0{n), where n is the dimension of B. Note that in this case the action of the group 
is not free in fact the orbits are not isometric to the group, but the quotient manifold 
T^B/0{n) = B is a well defined manifold. The Levi-Civita connection of the Sasaki on 
metric on T'"B is 


Lemma 4.7 [KS] For any X and Y vector fields tangent to B we have: 
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1) = (VxK)'', - i (k,(xx)u)'\ 

2 ) (Vx-y^),„) = (vxy);^,„, + i (j^(«.y).Y)'*’, 

3 ) (Vx»y"*-)|,,„, = H«p(“.^)y)'*'. 

1 ) (Vx»y^),,,„, = -i9,(«.y)Jf^. 

where R is the Riemann curvature tensor of B. 


The fibers are closed and last equation shows that they are also totally geodesic: 
A{X^,Y‘^) is the horizontal part of X■ From now on consider a submanifold Bq 
of dimension n and codimension k and TWq Fs 0{n + fc)-invariant lift to T'^B. Since in 
this case we have a way to lift vector fields on B to vector fields tangent to the fibers, 
we modify notation 2. For any p E Bq and any {p,u) G vr“^{p}, let (Xi,...,X„) an 
orthonormal basis tangent to Bq in p, an orthonormal basis normal to Bq in p 

such that 

u = r cos('d)Xi + r sin('d),^i, 

for some -d. Let Z = sin('d)Xi — cos('d).^i, then (m, Z, X 2 ,..., ^ 2 , ■ ■ ■, fk) is an orthog¬ 
onal basis of TpB. By (4.6) we have that (Xf ,..., X:f, Z^, Xf ,..., X^, ..., 

is an orthonormal basis tangent to Aio in {p,u), while (^f^,... is an orthonormal 
basis normal to Xio in {p,u). As concrete example, consider B = the sphere of 

constant curvature c > 0. By Lemma 4.7 we have 


A\Xf,Z^){p,u) 




SiX 




0=1 


Similarly 

A\Xf,X[){p,u) = -^^sinm.^f, 
A\Xf,^f){p,u) = |^cos(d)daef. 

Then 

2 2 

|A'|^(p, m) = |A|^ (p)-I- (1 - 1 - (n — 1) sin^('d) -I-(/c — 1) cos^('d)) 
= 1^1^ (P) + y (^^ + (^ - 1) + ik-l) , 


where T (respectively T) indicates the normal (respectively the tangent) component re¬ 
spect to Bq. In particular we have 

\Af (p) H ——min {fc, n} < |A'|^ (p, u) < \A\^ (p) H ——max {/c, n} . 

Lifting the submanifolds of the sphere considered by Huisken [H2] and Baker [Ba] we 
have the following result as consequence of Theorem 1.1. 
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Proposition 4.8 For any r > 0, n > 3 and k >1, let Aio be a 2n + k — 1-dimensional 
0{n + k)-invariant submanifold o/T’'S"'+^(c). Suppose that M.q satisfies the pinching 
condition 

1 e? 

\A\^ < - - \H\^ + 2c + —min {/c, n] , 

then the mean curvature flow with initial data M.q converges in finite time to a fiber 
7i~^{p) = TpS"+^(c) or the flow is defined for any time and converges to 7r“^(S"(c)) that 
is a minimal, but not totally geodesic, submanifold of {c). 
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